
Reduced Basis Method for Finite Volume Approx-
imation of Evolution Equations on Parametrized
Geometries

Martin Drohmann, Bernard
Haasdonk, Mario Ohlberger

03/15/2009
living knowledge
WWU Münster

WESTFÄLISCHE
WILHELMS-UNIVERSITÄT
MÜNSTER



liv
in

g
kn

ow
le

dg
e

W
W

U
M

ün
st

er

WESTFÄLISCHE
WILHELMS-UNIVERSITÄT
MÜNSTER Reduced Basis Method on Parametrized Geometries 2 /16

Outline

Model reduction of
I evolution problems
I on parametrized geometries

Ω(µ)

µ

Ω(µ)

µ µ = 0

Ω(µ)

I with Reduced Basis (RB) methods.

Test problem: non-stationary heat-equation

For every µ ∈ P we search for a solution u(x, t;µ) satisfying

∂t u(x, t;µ)− a(µ)∆u(x, t;µ) = 0 in Ω(µ)× [0, Tmax]

u(x, 0;µ) = u0(x;µ) in Ω(µ)

and boundary conditions.
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Model reduction with a Reduced Basis

Reduced Basis methods are
I applicable to problems modelled by parametrized PDEs with parameters from a space
P ⊂ Rp,

I where solutions need to be computed rapidly, repeatedly (and reliably).

Parametrized evolution problem

Find a solution u ∈ W satisfying the equations

∂t u(µ)− L(µ)[u(µ)] = 0 in Ω× [0, Tmax],

u(x, 0;µ) = u0(x;µ) in Ω

and boundary conditions.

For details in elliptic case: [Patera&Rozza, 2006]
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Idea of RB method

First step

Choose a parametrized numerical scheme (FV,FE,DG,. . . ), e.g. the explicit scheme

U0
H(µ) := P[u0(x;µ)]

Uk
H(µ) := Uk−1

H (µ) + ∆tL(µ)[Uk−1
H (µ)],

such that we get for each discrete timestep 0 ≤ tk ≤ Tmax an approximation
u(x, tk;µ) ≈ Uk

H(x;µ) in a “high-dimensional” spaceWH.

WH

WN

UKH(µ)

UKN(µ)

{UkH(µ)|µ∈P,0≤k≤K}
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Idea of RB method

Second step – “offline phase”

I Approximate the set
{

Uk
H(µ) | k = 0, . . . , K, µ ∈ P

}
by a “low-dimensional” reduced

basis spaceWN.
I Its basis Φ := {ϕi, . . . , ϕN} is called a reduced basis.

WH

WN

UKH(µ)

UKN(µ)

{UkH(µ)|µ∈P,0≤k≤K}
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Idea of RB method

Third step – “online phase”

Project the numerical scheme onto the reduced basis space, i.e. we solve

a0(µ) := (〈P[u0(µ)], ϕ1〉 , . . . , 〈P[u0(µ)], ϕN〉)t

ak+1(µ) := ak(µ) + ∆tL(µ)[ak(µ)]

and get approximations Uk
N(µ) :=

∑N
n=1 ak

n(µ)ϕn ≈ Uk
H(µ).

WH

WN

UKH(µ)

UKN(µ)

{UkH(µ)|µ∈P,0≤k≤K}
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RB method for linear schemes
In [Haasdonk&Ohlberger, 2007] it is shown that the RB method can efficiently be applied on
numerical schemes with

I linear operators (implicit and explicit) and
I affinely parameter dependence of operators and data functions.

Affine parameter dependence

An operator or a data function is said to be affinely parameter dependent, if it can be written
as an affine combination of parameter independent parts with parameter dependend
coefficients, e.g.

L(µ)[Uk
H(µ)] =

Q∑
q=0

Lq[Uk
H] σq

L (µ) ⇒ L(µ)[ak(µ)] =
Q∑

q=1

Lq[ak(µ)]σq
L (µ)

parameter inde-
pendent

parameter
dependent online

offline

with matrices (Lq)n,m :=
∫

Ω L[ϕm]ϕndx.
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Back to the heat equation

The reduced basis space must not depend on the parameter.

Therefore, we introduce a reference geometry Ω̂ and a diffeomorphic mapping
Φ(µ) : Ω̂→ Ω(µ) for every parameter.

We look again at the non-stationary heat equation

∂t u(x, t;µ)− a(µ)∆u(x, t;µ) = 0 in Ω(µ

µ

)× [0, Tmax].
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Geometry transformation

Transformed heat equation

The result is a PDE with (anisotropic) diffusion, convection and a reaction term:

∂t û− a(µ)∇ · (GGt∇û) + a(µ)∇ · (vû)− a(µ)(∇ · v)û = 0 in Ω̂× [0, Tmax],

with notations

x̂ := Φ−1(x), û(x̂, t) := u(Φ(x̂), t),

G(x̂) := DΦ−1|Φ(x̂), v(x̂) := G(x̂) (∇x̂ · G(x̂)) .
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Finite volume scheme

Challenges

I The geometry transformation introduces a diffusion tensor.
I For non-affine geometry transformations the discrete operators do not depend affinely

on the parameter.⇒ No easy projection onto RB space.

Numerical scheme for transformed heat equation

Discretization with an explicit finite volume scheme on a structured grid with gradient
reconstruction. [Drblíková&Mikula, 2007]
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Dealing with non-affine parameter dependence

Idea
Approximate an operator L(µ)[Uk(µ)] with few
point evaluations.

Empirical interpolation

I Collateral Reduced Basis space of operator
evaluations

WM := span{L(µi)[Uki
H (µi)]}M

i=1

I Collateral reduced basis ΞM :={ξi}M
i=1 of

nodal base functions
I Interpolation points x1, . . . , xM.

Base functions:

x
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Solution: Empirical interpolation
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Solution: Empirical interpolation

Operator evaluations

Interpolation are gained through exact operator
evaluations at the interpolation points such that

IM[L(µ)[U]] :=
M∑

m=1

ym(µ)ξm(x)

ym(µ) := L(µ)[U](xm)

I The coefficients can be computed efficiently,
if the operator is localised.

I So far we only applied empirical interpolation
to explicit numerical schemes.
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Results0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 100.10.20.30.40.50.60.70.80.91
Solutions for µ = (0, 0) at timesteps t = 0.0, t = 0.45, t = 0.9.0.20.40.60.81

Solutions for µ = (0.2, 0.2) at timesteps t = 0.0, t = 0.45, t = 0.9.

,
,

Martin Drohmann (mdrohmann@wwu.de)



liv
in

g
kn

ow
le

dg
e

W
W

U
M

ün
st

er

WESTFÄLISCHE
WILHELMS-UNIVERSITÄT
MÜNSTER Reduced Basis Method on Parametrized Geometries 11 /16

Results II 0 5 10 15 20 2510−210−1
Figure: RB error convergence on 100 test samples for growing basis size N at different CRB dimensions M.

Number of base functions inWH: 8000
Number of detailed simulations in offline-phase: 16
Time gain factor for online phase: 5
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Summary and Outlook

Summary

I Reduced bases allow model reduction for parametrized evolution problems
I Geometry parametrization is possible for diffeomorphic reference mappings
I Nonlinear problems can be modelled with empirical interpolation
I Reliability through a posteriori estimators in many cases

Outlook

I Improvement of methodical parts (error estimators, RB/EI generation, stability)
I Expansion to nonlinear schemes with implicit operators
I Application to PDE systems

,
,

Martin Drohmann (mdrohmann@wwu.de)



liv
in

g
kn

ow
le

dg
e

W
W

U
M

ün
st

er

WESTFÄLISCHE
WILHELMS-UNIVERSITÄT
MÜNSTER Reduced Basis Method on Parametrized Geometries 13 /16

References
[Patera, 2006] A. Patera and G. Rozza.
Reduced Basis Approximation and A Posteriori Error Estimation for Parametrized Partial
Differential Equations.
Version 1.0, Copyright MIT 2006, to appear in (tentative rubric) MIT Pappalardo
Graduate Monographs in Mechanical Engineering

[Drblíková, 2007] O. Drblíková and K. Mikula,
Convergence Analysis of Finite Volume Scheme for Nonlinear Tensor Anisotropic
Diffusion in Image Processing.
SIAM J. Numer. Anal., 46, 27–60, 2007

[Haasdonk&Ohlberger, 2008] B. Haasdonk und M. Ohlberger
Reduced Basis Method for Finite Volume Approximations of Parametrized Linear
Evolution Equations
M2AN, Math. Model. Numer. Anal. 42, 277–302, 2008

[Haasdonk et al., 2008] B. Haasdonk, M. Ohlberger und G. Rozza.
A Reduced Basis Method for Evolution Schemes with Parameter-Dependent Explicit
Operators
ETNA, Electronic Transactions on Numerical Analysis, vol. 32, 2008

[Barrault et al., 2004] M. Barrault, M., Y. Maday, N. Nguyen and A. Patera,
An ’empirical interpolation’ method: application to efficient reduced-basis
discretization of partial differential equations
C. R. Math. Acad. Sci. Paris Series I, 2004, 339, 667-672

[Drohmann et al., 2009] M. Drohmann, B. Haasdonk and M. Ohlberger,
Reduced Basis Method for Finite Volume Approximation of Evolution Equations on
Parametrized Geometries
Proceedings of ALGORITMY 2009, 111–120

,
,

Martin Drohmann (mdrohmann@wwu.de)



liv
in

g
kn

ow
le

dg
e

W
W

U
M

ün
st

er

WESTFÄLISCHE
WILHELMS-UNIVERSITÄT
MÜNSTER Reduced Basis Method on Parametrized Geometries 14 /16

RB scheme

Precondition for applying RB method: RB spaceWN is known and the operator Lk(µ; tk) is
affine decomposable, i.e it can be written as

L(µ; tk)[U] =

QI∑
q=1

Lq[U]σq
I (µ), (1)

(2)

where the operators Lq are linear and strictly independent from the parameter µ, and the
coefficient functionts σq

I/E (µ) can be computed with a complexity ofO(N) for a N� H.
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RB scheme II

The functions Uk
N(x;µ) :=

∑N
n=1 ak

n(µ)ϕn produce for every µ ∈ P a Reduced Basis
solution, if the coefficient vectors ak := (ak

n)N
n=1 satisfy for k = 1, . . . , K and µ ∈ P the

equations

1

∆t
(ak − ak−1) +

QI∑
q=1

σq
I (µ)LI[a

k] +

QE∑
q=1

σq
ELE [ak−1] = 0 (3)

and fullfil an initial condition, where the matrices are given by

(Lq
I )m,n :=

∫
Ω

Lq
I (ϕn)ϕm, (Lq

E )m,n :=

∫
Ω

Lq
E (ϕn)ϕm. (4)

Hence UH(x, t;µ) ≈ UN(x, t;µ) :=
∑K−1

k=0 Uk
N(x;µ)χ{tk≤t<tk+1}
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Generation of the Reduced Basis [offline phase]

I Start with an initial reduced basisWÑ, which can be e.g. constructed from the initial
data function.

I Expand the basis step by step by a further base function
I Compute UÑ(tk ;µ) for all k = 0, . . . , K and µ ∈ M ⊂ P
I Find µmax ∈ M, which maximizes ‖UH − UN‖. Best done with an a posteriori error estimator.
I Construct the next base function ϕÑ+1 out of the RB functions UH(x, t;µmax).

until: maximum error drops beneath given bound εtol.
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